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1. Ââåäåíèå. Â èíòåðâàëå 0 < x < l ðàññìîòðèì óðàâíåíèå

u′′(x)−
1

∫

0

µ(α)Dα
0xu(x)dα = f(x), (1)

ãäå

Dα
0xu(x) =

1

Γ(−α)

x
∫

0

u(t)dt

(x− t)α+1
, α < 0,

Dα
0xu(x) = u(x), α = 0,

Dα
0xu(x) =

dn

dxn
Dα−n

0x u(x), n− 1 < α ≤ n, n ∈ N

� îïåðàòîð äðîáíîãî èíòåãðîäè��åðåíöèðîâàíèÿ (â ñìûñëå �èìàíà � Ëèóâèëëÿ) ïîðÿäêà

α [1, 2℄, Γ(z) � ãàììà-�óíêöèÿ Ýéëåðà, µ(α), f(x) � çàäàííûå �óíêöèè.

Óðàâíåíèå (1) îòíîñèòñÿ ê êëàññó íåïðåðûâíûõ äè��åðåíöèàëüíûõ óðàâíåíèé [1,

2℄. Â ïîñëåäíåå âðåìÿ èíòåãðàëüíûé îïåðàòîð â óðàâíåíèè (1) íàçûâàþò îïåðàòîðîì

íåïðåðûâíî ðàñïðåäåëåííîãî äè��åðåíöèðîâàíèÿ, êîòîðûé áûë ââåäåí â ðàáîòå [1℄.

Ïðè µ(α) = 1 èíòåãðàë â óðàâíåíèè (1) îáîçíà÷àåòñÿ òàê:

D[γ,δ]
ax u(x) =

δ
∫

γ

Dα
axu(x)dα. (2)

Â ðàáîòå [2℄ áûëè èçó÷åíû ñâîéñòâà îïåðàòîðà (2), â ÷àñòíîñòè, äîêàçàíà ïîëîæèòåëü-

íîñòü îïåðàòîðà íåïðåðûâíîãî èíòåãðîäè��åðåíöèðîâàíèÿ, ïîëó÷åíà �îðìóëà íåïðå-

ðûâíîãî èíòåãðèðîâàíèÿ ïî ÷àñòÿì. Â ðàáîòå [3℄ ïîñòðîåí îïåðàòîð, îáðàùàþùèé îïåðà-

òîð (2) è ïîëó÷åíû àíàëîãè �îðìóëû Íüþòîíà-Ëåéáíèöà.

Óðàâíåíèå

1
∫

0

µ(α)∂α
0xu(x)dα = λu(x), ∂α

0xu(x) = Dα−1
0x u′(x) (3)

ñ äðîáíîé ïðîèçâîäíîé �åðàñèìîâà � Êàïóòî èññëåäîâàëîñü â ñòàòüå [4℄, äëÿ êîòîðîãî

ïîëó÷åíî �óíäàìåíòàëüíîå ðåøåíèå, èçó÷åíî åãî ïîâåäåíèå íà áåñêîíå÷íîñòè è â îêðåñò-

íîñòè íóëÿ, ðåøåíà çàäà÷à Êîøè, à â ðàáîòå [5℄ äëÿ óðàâíåíèÿ âèäà (3) èçó÷åíà çàäà÷à

Êîøè â áàíîõîâîì ïðîñòðàíñòâå ñ ëèíåéíûì îãðàíè÷åííûì îïåðàòîðîì â ïðàâîé ÷àñòè.
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Äëÿ óðàâíåíèÿ (1) ïðè µ(α) = 1 ïîñòðîåíî �óíäàìåíòàëüíîå ðåøåíèå è íàéäåíû

ðåøåíèÿ íà÷àëüíîé è êðàåâîé çàäà÷ [6, 7℄.

2. Îáîçíà÷åíèÿ. Ïóñòü µ(α) ∈ L[0, 1]. Äàëåå áóäåì îáîçíà÷àòü ÷åðåç

(g ∗ h)(x) =
x

∫

0

g(x− t)h(t)dt

ñâåðòêó Ëàïëàñà �óíêöèé g(x) è h(x),

k1(x) =

1
∫

0

µ(α)
x−αdα

Γ(1− α)
, k(x) =

1
∫

0

µ(α)
x1−αdα

Γ(2− α)
. (4)

3. Ôóíäàìåíòàëüíîå ðåøåíèå. Ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ (1) íàçî-

âåì �óíêöèþ g(x), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è

g′′(x)−
1

∫

0

µ(α)Dα
0xg(x)dα = 0, (5)

g(0) = 0, g′(0) = 1. (6)

�àññìîòðèì �óíêöèþ

W (x) =
∞
∑

n=0

wn(x), w0(x) = x, wn(x) = (wn−1 ∗ k)(x), n ∈ N. (7)

Èññëåäóåì ñõîäèìîñòü ðÿäà (7). Ñíà÷àëà îöåíèì ÿäðî k(x). Äëÿ �óíêöèè ϕ(x, α) =

= x1−α/Γ(2− α) ñïðàâåäëèâî ñîîòíîøåíèå

sup
0<α<1,0<x<l

ϕ(x, α) = C < ∞,

ñ ó÷åòîì êîòîðîãî èìååì ÷òî

|k(x)| ≤ C

1
∫

0

|µ(α)|dα = Cµ = c. (8)

Â ñèëó îöåíêè (8) èç �îðìóëû (7) èìååì íåðàâåíñòâà

|wn(x)| ≤
cnxn+1

Γ
(

n + 2
) , n = 0, 1, 2, ..., (9)

èç êîòîðûõ ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäà (7). Ñ ïîìîùüþ íåðàâåíñòâ (9) ïîëó÷èì
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îöåíêó äëÿ �óíêöèè W (x)

|W (x)| ≤
∞
∑

n=0

cnxn+1

Γ
(

n + 2
) =

ecx − 1

c
. (10)

Ïîêàæåì ÷òî �óíêöèÿ W (x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5), (6). Èç �îðìóëû (4)

âèäíî, ÷òî k(0) = 0, â ñèëó êîòîðîãî èç ïðåäñòàâëåíèÿ (7) íåïîñðåäñòâåííî âûòåêàþò

ðàâåíñòâà

W ′(x) =
∞
∑

n=0

w′

n(x) =
∞
∑

n=0

vn(x), v0(x) = 1, vn(x) = (vn−1 ∗ k)(x), n ∈ N, (11)

W ′′(x) =

∞
∑

n=0

w′′

n(x) =

∞
∑

n=0

νn(x), ν0(x) = k(x), νn(x) = (νn−1 ∗ k)(x), n ∈ N, (12)

W (0) = 0, W ′(0) = 1, W ′′(0) = 0. (13)

Èç îöåíîê (8) è (10) ñëåäóåò ðàâíîìåðíàÿ íà [0, l] ñõîäèìîñòü ðÿäîâ (11) è (12).

Ó÷èòûâàÿ îïðåäåëåíèÿ îïåðàòîðà äðîáíîãî èíòåãðîäè��åðåíöèðîâàíèÿ è ñâåðòêè

Ëàïëàñà, à òàêæå ðàâåíñòâ (4), (11) è W (0) = 0, ïîëó÷èì

1
∫

0

µ(α)Dα
0xW (x)dα =

d

dx

1
∫

0

µ(α)Dα−1
0x W (x)dα =

d

dx

x
∫

0

W (x− t)

1
∫

0

µ(α)
t−αdα

Γ(1− α)
dt =

=
d

dx

(

W ∗ k1
)

(x) =
(

W ′ ∗ k1
)

(x) =
(

1 ∗ k1
)

(x) +
∞
∑

n=1

(

vn−1 ∗ k ∗ k1
)

(x). (14)

Çàìå÷àÿ, ÷òî k(x) = (1 ∗ k1)(x), èç ñîîòíîøåíèÿ (14) èìååì ÷òî

1
∫

0

µ(α)Dα
0xW (x)dα = k(x) +

(

k ∗ k
)

(x) +
(

k ∗ k ∗ k
)

(x) + ... =
∞
∑

n=0

νn(x) = W ′′(x). (15)

Èç �îðìóëû (15) ñëåäóåò, ÷òî �óíêöèÿ W (x) óäîâëåòâîðÿåò óðàâíåíèþ (5), à çíà÷èò,

â ñèëó ðàâåíñòâ (13), ÿâëÿåòñÿ �óíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ (1).

4. Çàäà÷à Êîøè. �åãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â èíòåðâàëå ]0, l[ íàçîâåì

�óíêöèþ u(x), ïðèíàäëåæàùóþ êëàññó C[0, l] ∩ C2]0, l[ è óäîâëåòâîðÿþùóþ óðàâíåíèþ

(1) âî âñåõ òî÷êàõ x ∈]0, l[.
Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå u(x) óðàâíåíèÿ (1) â èíòåðâàëå ]0, l[, óäîâëå-

òâîðÿþùåå óñëîâèÿì

u(0) = u0, u′(0) = u1, (16)

ãäå u0, u1 � çàäàííûå êîíñòàíòû.

Òåîðåìà. Ïóñòü f(x) ∈ L[0, l]∩C ]0, l[. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå
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ðåøåíèå çàäà÷è (1), (16). �åøåíèå èìååò âèä

u(x) = u0W
′(x) + u1W (x) +

(

W ∗ f
)

(x). (17)

Äîêàçàòåëüñòâî. Ïóñòü u(x) � ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1). Óìíîæèì îáå

÷àñòè óðàâíåíèÿ (1) íà �óíêöèþ W (x − t), ïðåäâàðèòåëüíî ïîìåíÿâ â íåì ïåðåìåííóþ

x íà t, è ïðîèíòåãðèðóåì îò 0 äî x. Òîãäà ïîëó÷èì

x
∫

0

W (x− t)u′′(t)dt−
x

∫

0

W (x− t)

1
∫

0

µ(α)Dα
0tu(t)dαdt =

x
∫

0

W (x− t)f(t)dt

èëè æå, ñ ó÷åòîì îïðåäåëåíèÿ ñâåðòêè Ëàïëàñà è ðàâåíñòâà (14)

(

W ∗ u′′
)

(x)−
(

W ∗ (u ∗ k1)′
)

(x) =
(

W ∗ f
)

(x). (18)

Ïðèìåíÿÿ �îðìóëó äè��åðåíöèðîâàíèÿ ñâåðòêè Ëàïëàñà

(

g ∗ h(n)
)

(x) =
(

g(n) ∗ h
)

(x) +
n

∑

k=0

g(n−1−k)(0)h(k)(x)−
n

∑

k=0

h(n−1−k)(0)g(k)(x)

èìååì

(

W ′′ ∗ u
)

(x)− u(0)W ′(x)− u′(0)W (x) +W (0)u′(x) +W ′(0)u(x)−

−
(

W ′ ∗ k1 ∗ u
)

(x) +
(

u ∗ k1
)

(0)W (x) +W (0)
(

u ∗ k1
)

(x) =
(

W ∗ f
)

(x). (19)

Â ñèëó �îðìóëû (4), íåïðåðûâíîñòè �óíêöèè u(x) ïîëó÷èì ÷òî
(

u∗k1
)

(0) = 0.Îòñþäà

ó÷èòûâàÿ �îðìóëû (13) è (16) èç ðàâåíñòâà (19) èìååì

[

(W ′′ −W ′ ∗ k1) ∗ u
]

(x)− u0W
′(x)− u1W (x) + u(x) =

(

W ∗ f
)

(x).

Èç ñîîòíîøåíèé (14) è (15) ñëåäóåò, ÷òî W ′′(x)− (W ′ ∗ k1)(x) = 0, â ñèëó êîòîðîãî èç

ïîñëåäíåãî ðàâåíñòâà ïîëó÷èì ïðåäñòàâëåíèå (17).

Ïîêàæåì òåïåðü, ÷òî �óíêöèÿ u(x), îïðåäåëÿåìàÿ �îðìóëîé (17), äåéñòâèòåëüíî ÿâ-

ëÿåòñÿ ðåøåíèåì çàäà÷è (1), (16). Äè��åðåíöèðóÿ îáå ÷àñòè �îðìóëû (17), ïðèíèìàÿ âî

âíèìàíèå ðàâåíñòâîW (0) = 0 è �îðìóëó äè��åðåíöèðîâàíèÿ ñâåðòêè Ëàïëàñà, ïîëó÷èì

u′(x) = u0W
′′(x) + u1W

′(x) +
(

W ′ ∗ f
)

(x). (20)

Ó÷èòûâàÿ ñîîòíîøåíèÿ (13) èç �îðìóë (17) è (20) ïðè x → 0 ïîëó÷èì, ÷òî u(0) = u0,

u′(0) = u1. Âòîðàÿ ïðîèçâîäíàÿ îò �óíêöèè u(x) â ñèëó ðàâåíñòâ (13) è �îðìóëû äè�-

�åðåíöèðîâàíèÿ ñâåðòêè Ëàïëàñà èìååò âèä

u′′(x) = u0W
′′′(x) + u1W

′′(x) +
(

W ′′ ∗ f
)

(x) + f(x). (21)

Èç ïðåäñòàâëåíèÿ (17), â ñèëó îïðåäåëåíèÿ è ñâîéñòâ îïåðàòîðà äðîáíîãî èíòåãðî-
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äè��åðåíöèðîâàíèÿ èìååì, ÷òî

1
∫

0

µ(α)Dα
0xu(x)dα = u0

1
∫

0

µ(α)Dα
0xW

′(x)dα+u1

1
∫

0

µ(α)Dα
0xW (x)dα+

1
∫

0

µ(α)Dα
0x

(

W∗f
)

(x)dα.

(22)

Ïîäñòàâëÿÿ âûðàæåíèÿ (21) è (22) â óðàâíåíèå (1), â ñèëó ðàâåíñòâà (15), ïîëó÷àåì,

÷òî �óíêöèÿ, îïðåäåëÿåìàÿ �îðìóëîé (17), äåéñòâèòåëüíî ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

(1), (16).

Òàê êàê âñå �óíêöèè, âõîäÿùèå â ïðàâóþ ÷àñòü (17), íåïðåðûâíû íà [0, l], òî ðåøåíèå

u(x) ∈ C[0, l]. Èç ðàâåíñòâ (21) è (22), àíàëîãè÷íûì îáðàçîì, ìîæíî çàêëþ÷èòü, ÷òî

u′′(x),

1
∫

0

µ(α)Dα
0xu(x)dα ∈ C ]0, l[.
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ABSTRACT

In this paper, we onstrut the fundamental solution for ordinary seond-order di�erential equation

with ontinuously distributed di�erentiation operator. With the help of fundamental solution the

solution of the Cauhy problem is written out.

Keywords. frational Riemann � Liouville integral, frational Riemann � Liouville derivative,

frational Gerasimov � Caputo derivative, operator of ontinuously distributed di�erentiation, funda-
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ÀÍÍÎÒÀÖÈß

Â ðàáîòå äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ îïåðàòîðîì

íåïðåðûâíî ðàñïðåäåëåííîãî äè��åðåíöèðîâàíèÿ ñòðîèòñÿ �óíäàìåíòàëüíîå ðåøåíèå, ñ ïîìî-
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