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1. Introduction. The goal of this paper to provide new sharp embedding theorems for
new multi-functional analytic function spaces of several complex variables in typical unbounded
Siegel domains of second type, namely in tubular domains over symmetric cones. Note various
new sharp such type embedding results in context of onefunctional analytic Bergman, Hardy
or Bergman type spaces appeared recently in several papers. We refer for such type results
to [1-4], [20-24]. And also, to various references there. We also note that various embedding
theorems have many applications in the study of actions of various integral operators in
analytic function spaces and in the study of various related problems in analytic one function
theory. We refer for these issues to [14-19] [26], [27], [31-35].

Note however multifunctional analytic function spaces and various sharp embedding theo-
rems for them are less studied. This paper probably provides first such type sharp results in
unbounded tubular domains over symmetric cones. Related results for new multifunctional
analytic function spaces of several complex variables, but in context of bounded domains
namely in some bounded strongly pseudoconvex domains with smooth boundary can be seen
in recent paper of the first author [25].

Let To = V + iQ be the tube domain over an irreducible symmetric cone {2 in the
complexification VC of an n-dimensional Euclidean space V. H(Tg) denotes the space of all
holomorphic functions on Tg. Following the notation of [28| and [29] we denote the rank of
the cone €2 by r and by A the determinant function on V.

Letting V' = R"™, we have as an example of a symmetric cone on R™ the Lorentz cone A,
which is a rank 2 cone defined for n > 3 by

Ap={y €R"1y{ — - —yp >0,y >0}
The determinant function in this case is given by the Lorentz form
Aly)=yi =~y

(see for example [29]).
Also,if t,k € R", then t < k means t; < k; for all 1 < j <r.
For 7 € R, and the associated determinant function A(z) [29] we set

A1) = {F € H(T): [Fllaz = swp [Flo+i)|A70) < o0} 1)

ztiyeTq
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It can be checked that this is a Banach space.
For 1 < p,g < 400 and v € R, and v > —1 we denote by A29(Ty) the mixed-norm
weighted Bergman space consisting of analytic functions f in T, such that

q/p 1/q
| F'|| ape = (/ </ !F($+iy)|pdl’> A”(y)dy> < 00,
o \Jv

this is a Banach space.
Replacing above A by L. we will get as usual the corresponding larger space of all measurable
functions in tube over symmetric cone with the same quazinorm (see [28], [31]).
It is known that the AP9(Tg) space is nontrivial if and only if v > —1, (see [29], [30]).
When p = g we write (see [29])

AP (Tq) = AP (Tq).

This is the classical weighted Bergman space with usual modification when p = oco.

The (weighted) Bergman projection P, is the orthogonal projection from the Hilbert space
L3(Tq) onto its closed subspace A2(Tq) and it is given by the following integral formula
(see [29])

Pf(z)=C, / B, (2, w) f(w)dV, (w), (2)

Ta

where

B,(z,w) = C’VA_(”JF%)((Z —w) /1)

is the Bergman reproducing kernel for A2(Ty), (see [28], [29]).

Here we used the notation dV,(w) = A" (v)dudv. Below and here we use constantly the
following notations w = u +iv € T and also z = z 4+ 1y € Tg.

Hence for any analytic function from A%(Tg) the following integral formula is valid (see
also [29]).

f(Z> = Cy BV(va)f(w)qu(w)' (3)

To

In this case sometimes below we say simply that the f function allows Bergman representation
via Bergman kernel with v index.

Note that these assertions have direct copies in simpler cases of analytic function spaces in
unit disk, polydisk, unit ball, upperhalfspace C'; and in spaces of harmonic functions in the
unit ball or upperhalfspace of Euclidean space R™ These classical facts are well-known and
can be found, for example, in [32], [27], [19] and in some items from references there.

Above and throughout the paper we write C' (sometimes with indexes ) to denote positive
constants which might be different each time we see them (and even in a chain of inequalities),
but are independent of the functions or variables being discussed.

The problem which we consider in this paper is classical (see, for example, [20-27]), we
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wish to find sharp (or not) conditions on positive Borel measure p in T so that

/T F@Pdu(z) < dlfllv.Y € H(To),

where Y is a quasinormed subspace of H(Tg), 0 < p < oc.

We mention that in the case of the Hardy H? space in the unit disk and for H?(B*) in the
ball such type result was obtained by D. Lueckingl. and P. Mercer with J. Cima in [14], [15]
and L. Carleson (see [9], [10], [12]). The case of weighted Bergman spaces investigated in [16].

For Bergman space Y = AP(Tg), 0 < p < 0o, @ > —1, (or Bergman type function spaces)
this type of problem was considered before by various authors and solved for example in
papers [23], [24]. For various other cases (spaces with more complicated norms or quasinorms)
it is still open.

We mention a series of new sharp results of first author and authors of this paper (see [20]
- [25]).

The plan of this paper is the following. We collect preliminaries and related assertions in
our next section. In the third section we collect some known sharp results closely related with
our work. The last section is devoted to some new embedding theorems. Note we use actively
some machinery which was recently developed in [23], [24].

Note also some assertions of this paper were taken from our previous paper [23|, [24], where
some results were proved in less general situation namely in case of tubular domain in C" and
for one function case m = 1.

One of the intentions of this paper is to generalize them to multifunctional spaces tubular
domains over symmetric cones.

Various related assertions (sharp embedding theorems in analytic function spaces in tubular
domains over symmetric cones) can be seen in 23], [24].

The theory of analytic spaces on tubular domains over symmetric cones is well-developed
by various authors during last decades (see [23], [24] and various references there). One of the
goals of this paper among other things is to define for the first time in literature new mixed
norm analytic spaces in tubular domains over symmetric cones and to establish some basic
properties of these spaces. We believe that this new interesting objects can serve as a base for
further generalizations and investigations in this active research area.

In the main part of paper we will turn to study of certain embedding theorems for some
new mixed norm analytic classes in tubular domains over symmetric cones in C". Proving
estimates and embedding theorems in tubular domains we heavily use the technique which
was developed recently in [23], [24]. In our embedding theorem and inequalities for analytic
function spaces in tubular domains over symmetric cones the so-called Carleson-type measures
constantly appear. We are ending with some historical remarks on this important topic now.
Carleson measures were introduced by Carleson [9] in his solution of the corona problem in the
unit disk of the complex plane, and, since then, have become an important tool in analysis,
and an interesting object of study per se. Let A be a Banach space of holomorphic functions
a domain T C C”; given p > 1, a finite positive Borel measure p on T, is a Carleson measure
of A (for p) if there is a continuous inclusion A — LP(u), that is there exists a constant C' > 0
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such that
vied  [irdu<cpsn

Tq

Carleson studied this property [9] taking as Banach space A the Hardy spaces in unit disk
HP (A), and proved that a finite positive Borel measure p is a Carleson measure of HP(A) for
p if and only if there exists a constant C' > 0 such that u (Sp,n) < Ch for all sets

Soop = {re? €A1 —h<r<1, |0—0<h}

(see also [10], [16]); in particular the set of Carleson measures of H?(A) does not depend on p.

In 1975, W. Hastings [12]| (see also V. Oleinik and B. Pavlov [16] and L. Oleinik [17])
proved a similar characterization for the Carleson measure of the Bergman spaces AP(A), still
expressed in terms of the sets Sy, 5. Later J. Cima and W. Wogen [26] characterized Carleson
measures for Bergman spaces in the unit ball B* C CF, and J. Cima and P. Mercer [15]
characterized Carleson measures of Bergman spaces in unit ball, showing in particular that
the set of Carleson measures of AP(7y) is independent of p > 1.

2. Preliminaries on geometry of tubular domains over symmetric cones. In this
section we will collect several very usefull assertions from [28], [29], [30], [31] mainly concerning
so-called r-lattices that will be used rather often in all proofs of our sharp embedding theorems
below.

Let T C C™ be a bounded tubular domains over symmetric cones in C". We shall use the
following notations:

e 0 : To — RT will denote the determinant function from the boundary, that is
§(2) = A(Imz). Let dv, (2) = (0(2))'dv (2), t > —1;

e v will be the Lebesgue measure on Tj;

e H(Tq) will denote the space of holomorphic on T, endowed with the topology of
uniform convergence on compact subsets;

o B:Tg x Ty — C will be the Bergman kernel of Ti. Note that if B is kernel of type
t, t € N, then B? is kernel of type st, s € N, ¢t € N. This follows directly from definition
(see |23], [24], [28], [29], [30], [31]). Note B = Bs,, (see [23], [24], [28], [29], [30], [31]);

e given r € (0,00) and zy € Ty, we shall denote by By, (zo,7) the Bergman ball.

See, for example, [23], [24], [28], [29], [30], [31], for definitions, basic properties and applica-
tions to geometric function theory of the Bergman distance and [23], [24], [28], [29], [30] , [31]
for definitions and basic properties of the Bergman kernel. Let us now recall a number of vital
results proved in Ty. The first two give information about the shape of Bergman balls:

Lemma 1. (see [25], [24], [28], [29], [30], [31]) Let Tq C C™ be a bounded tubular domains

over symmetric cones, and r€ (0,00). Then
V<BTQ('7 T)) ~ 62n/7,7

where the constant depends on r.

Lemma 2. (see [23], [24], [28], [29], [30], [31]) Let T C C™ be a bounded tubular domains
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over symmetric cones. Then there is C' > 0 such that

C 1—7r
< <
() < 8(2) <

d(20)

for all v € (0,00), 20 € T and z € By, (20, 7).
Definition 1. Let T C C™ be a tubular domains over symmetric cones, and r > 0. An r-
lattice in T is a sequence {ax} C Tq such that To = J Br, (ax,r) and there exists m > 0 such
k

1
that any point in T belongs to at most m balls of the form Br,(ak, R), where R = 5(1 +7).
Note by Lemma 2, v, (Br, (a, R)) = [ §%(2)dv(z) = (6%(ax))v(Br,(ak, R)), o > —1.

Brg, (ak,R)
The existence of r-lattice intubular domains over symmetric cones is ensured by the

following.
Lemma 3. (see [23], [24], [28], [29], [30], [31], [38], [39]) Let To C C" be a tubular

domains over symmetric cones. Then for every r € (0,00) there exists an r-lattice in Tq, that

o
is there exists m € N and a sequence {ar} C Tq of points such that Tq = |J Br,(ak,r) and
—0

(147r).

We will call r-lattice sometimes the family Br,(ax,r). Dealing with B Bergman kernel

no point of Tg belongs to more than m of the balls Br,(ax, R), where R =

DO | o

we always assume |B(z,a;)| < |B(ak,ax)| for any z € By, (ag,7), r € (0,00) (see [23], [24],
[28], [29], [30], [31]). Let m = (2n/r)l,l € N. Then |B,,(z, ar)| < |Bm(a, ar)|, z € Br,(ak, 1),
r € (0,00). This fact is crucial for embedding theorems in tubular domains over symmetric
cones(see also [21], [25]).

We shall use a submean estimate for non-negative plurisubharmonic functions on Bergman
balls:

Lemma 4. (see [23], [24], [28], [29], [30], [31], [38], [39]) Let To C C™ be a tubular
domains over symmetric cones. Given r € (0,00), set R = (1 +r) € (0,00). Then there
exists a C,. > 0 depending on r such that

C

y - B < d

20€Ta, V2 € Bry(a0,7), X(2) S Jp—ts; [ e
BTQ(Z(hR)

for every nonnegative plurisubharmonic function x : To — RT.

We will use this lemma for x = |f(2)|%, f € H(Tq), q € (0, +00).

Lemma 5. (see [38], [39])

1) Let A > ™ — 1 be fized. Then Ay +y') > A(y);Vy,y' € QA (L) < (Ay)™);
Ve e R"y € (.

2) Let o, 3 are real, then

Ls(t) = / (A(y + £))(A(y))dy < oo,
ifB>—-1l,a+p< (—27"+1), and

Lop(t) = (cag) ATTPF7 (1),
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Moreover

z'foz>27"—1; and

where y € ().
Lemma 6. For any analytic function from A%(Tq) we following integral formula is valid
£:) = | Balzw)(f(w))dva(w), = € T (*)
To
Let 1<p<oo,1<q<oo,?<p,+5=173<7

Let f € A9, then (x) with a > % — 1 is valid (Bergman representation formula with o

index is valid).

We now collect a few facts on the (possibly weighted) LP-norms of the Bergman kernel and
the normalized Bergman kernel. The first result is classical (see, for example, [28], [29], [31]).

The first result is the main result of this section, and contains the weighted LP-estimates
we shall need (Forelly-Rudin estimates):

Proposition 1. Let T C C" be a tubular domains over symmetric cones, and let zy € Tq
and 1 < p < oco. Then

/IB (¢, 20)[P67 (¢) dv (¢) < 67 BB (29) , —1 < B < (2n/r) (p — 1).

The same result is valid for weighted Bergman kernel (see [23]).

3. Preliminary theorems. In this section we first review some known sharp embedding
theorem in tubular domains over symmetric cones with smooth boundary.

Let first 5,0 € R, p>0. A (analytic) Carleson measure of A?(Tg, () :Ag is a finite positive
Borel measure on Tg such that there is a positive continuous inclusion AP(Tq, 3) C LP(u) that
is there is a constant ¢ > 0 such that fTQ | fIPdp < chHZ137 Vf e AP(Tgy, B), 6 Carleson measure

is a finite positive Borel measure on Ty such that ji(Br,(-,7)) < cv(Br,(-,7))? for all v € (0, 1)
where the constant ¢ might depend on r. If # = 1 we have usual Carleson measure. (§ = 0
case).

We first list two known sharp embeddings in this direction (see [23], [24] and various
references there).

Theorem A. Let i be a positive Borel measure on Tq, f € H(Tg). Let 1 < p < 0o. We have

f ’f|pdu < CHinlP iff M(BTQ(a/ﬁT)) < U(BTQ(akvr))7 r>0orif M(BTQ(.7T)) < CU(BTQ('7T))
To

or if ju(Br,(ag, 7)) < c(6%"/"(ay,)) for certain sequence {ay} which is r—lattice for T,
This vital theorem was extended recently (see [23], [24] and various references there).
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Theorem B. Let p be a positive Borel measure on T, f € H(Tg). Let 0 > 1,1 < p < 0.
Then the following assertions are equivalent

L [ EPdn() < e [ 1FEPSe0E)du(z),

2. p is 6—Carleson measure

3. for every r € (0,1) and every r—lattice {ax} in T one has u(Br,(ag, 7)) <
[U(BTsz(ak” 7,))]0, r>0.

4. there exists o € (0,1) so that for every ro—lattice {ax} in T, u(Br,(ag,7m0)) <
elo(Br (ax, o))

The following theorem is another sharp embedding theorem for mixed norm spaces.

In the unit ball case Theorem C can be seen in [20]. The proof of tubular domain case
is the same as in |20], [21]| for the unit ball case and pseudoconvex domains based on some
embeddings from [36].

Theorem C. (see [22|) Let u be positive Borel measure on T, f € H(Tq). Let {ax} be
r—lattice. Assume ¢ < p or ¢ = p, r < p. Then

1/p

/ FEPAu=) | < eoll fllage

if W(Br,(a,r)) < c107(a), a € T or if u(Br,(ak, 1)) < c207(ay) for k =1,2,... and for some
constants ¢y, ¢y, and for some 7 = 7(p, ¢, v).

We also refer the reader to [1-4], [10], [15-17], [20-27], where new sharp interesting results
(embedding theorems) in this direction were recently provided.

4. Main results. We show first our two main theorems in this section. Namely, we show
new two sharp embedding theorems and our arguments are mostly standard and sketchy.
Results from our point are interesting enough and enlarge the list of previously known sharp
results in this direction.

We define new analytic general multifunctional Herz (for p = ¢ Bergman) spaces in tubular
domains over symmetric cones with smooth boundary as spaces of (fx)7; functions analytic
in Tq, so that

a/p
”(f17‘"7fm)||?4(p7q7m7du = </ H‘fl |pd/“'L ) <OO’ 0<p7q<oo7
ak, _

i is a positive Borel measure on T§,.

Note for m = 1, ¢ = p in the unit ball, polydisk, tubular domains over symmetric cones
these spaces are well-known (see [23], [24] and references there). For m = 1 these are known
Herz spaces.

For dp = 6%(2)dv(z) = dvs(z) we write A(p,q,m,s) and if m = 1 we write A(p,q,dup)
or A(p,q,s) if du = dvs. Also, we put, for convenience, below Ay = B(ax,r) and we put

1
At = Blag R), R= " k=1,2,...
We put some additional condition below on Bergman kernel now which probably can be
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removed.
Even this additional condition based on some recent results of B. Sehba [37] can be dropped.
In this paper we, for aq > + 2n/r, always assume (this is true in the ball, see [27] for 5 > 0)

/B(~ ) | Ba(z, w)|*dvg(w) < C|Bag-pg—2n/r(2, 2],

forall B> —1, ¢ >0, o > 0, namely in Theorems 3 and 5, 2,z € Tq.
The proof of the necessity of condition on measure in all theorems uses standard arguments
with standard test function (see, for example, [23], [24]). We put for some 7 > 0

fi(z) = fu(z) = Br(w,2), i=1,....m, z,w,a; € Tg
and reduce the problem to onefunctional case noting that

11 Tl a@amany = [[(Fus -5 o) llag.g.m.duy >

= k \fw(Z)lm”du(Z))p > ¢ (A" (5(ar)"

for some v, v; > 0 and for some fixed {ay} r-lattice or

/| [Tirae = [ | ﬁ 5(2)

i=1
for some 01,7 > 0 (depending on parameters involved). On the other hand, to estimate norms
of test function in mixed norm A2 or related A? Bergman spaces the condition on kernel we

Pidp(z) = @ (u(Ar)™ (8(ar))”

put (see below) and then Forrelly-Rudin type estimates must be used. We will partial omit
these standard details.
Theorem 1. Let 0 < p,q < 00, 0 < s < q, 3 > =1 forj=1,....,m and let ;1 be a
positive Borel measure on Tg. Then the following conditions are equivalent:
1L Iffie Ag,i=1,...,m, then

1o s Fd laaaman < € T 1l (4)
=1

2. The measure p satisfies a Carleson type condition:

m P2n/THB))

/J,(Ak) S C(S(ak)zizl s s k' Z 1,
for any {ay} r-lattice in T.
The corresponding more general result for mixed norm spaces is the following theorem.
Theorem 2. Let 0 < p,qg < 00, 0<s<g¢q, B; >—1forj=1,...,m,0<t <s for

i=1,....,m, > 1/t;=m/s,m € N, and let i be a positive Borel measure on Tg.
i=1
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Then the following conditions are equivalent:
1 If fi € AS’?; 1=1,...,m, then

1Cfs - fr)lagaman < CTTIA a3t (5)
i=1 §
2. The measure p satisfies a Carleson type condition:
m P2n/r46;)
A) < Co(ap)= " k> 1,

for any {ax} r-lattice in Tq.
The following is another new sharp theorem for multifunctional analytic spaces in tubular
domains over symmetric cones.
Theorem 3. Let 0 < p,g < o0, 0<0;, <q, -1 < a; <oo fori=1,....,m. Let i be a
positive Borel measure on Tg. Then the following two conditions are equivalent:

1.
1o o)) < OH/ (/W)\fl )

2. The measure u satisfies a Carleson type condition:

a/oi
7§ (z)dv(z)) dw. (6)

m  p2n/rt+a;)
WA < C8(ap) ™Mtz Tma T >

Y )

for any {ax} r-lattice in Tq.
In our Theorems 4 and 5 below we consider another two new scales of Herz-type spaces
(multifunctional) defined with the help of the following expressions:

m (i ( I8 |fi<z>|pi5a<z>dv<z>>%) "
ﬁ [ (e |

‘”dvai(z)) " ,

and prove some sharp assertions also for them. Proofs here will be sketchy since ideas we
already provided will be repeated partially by us below.
Theorem 4. Let i be a positive Borel measure on Tq. Let 0 < p;,q; < 00, i =1,...,m,

1
let 3", — =1, a > —1. Then the following conditions are equivalent:
1) If fie HTyg), i =1...m then

/Tnﬁ|fi( Pidp(z ﬁ(i (/ filz )Pwéa(z)dv(z))%)i_

=1 =

2) The measure p satisfies a Carleson type condition p(Ay) < C’|Ak|m(1+ﬁ/r> fork > 1.
Remark 1. Our Theorem 4 for bounded pseudoconvex domains can be seen in [25|. The
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same proof can be given in bounded symmetric domains, based on properties of r-lattices on
these domains. Note also the additional condition on Bergman kernel used in the proof of
Theorems 3,5 can be removed based on some results of Sehba (see [31], |36]).

The following additional condition on analytic (f;)", functions (which probably can be
removed) is needed for our last theorem with condition on kernel (see before Theorem 1). We
assume that for any Bergman ball B(w,r)

Py Py
o ([ i) we e[ ([ aerane) .
B*(ag,r) B(ag,r) B(w,r)
where {a;} is any r-lattice, 0 < p;,0; < 00, ; > —1,5 =1,...,m,dv, = §*(z)dv(z).
Theorem 5. Let 0 < p;, 0, < 00, —1 < a; < o0, 1 =1,...,m. Let p be a positive Borel

measure on Tq. Then the following conditions are equivalent:
1) If fie HTq),i=1,...,m then

/TQ ﬁ |[fi(2) [P dp(z) < c]f[l/T (/B(W) \fi(z)|‘”dvai(z)) g dv(w).

=1

2) The positive Borel measure v satisfies the following Carleson type condition: p(Ay) <

i(2 i
c16(ag)”, where T = m(2n/r) + >, w, k > 1 for some constants ¢ and
0;

c1, and for any {ag} r-lattice in Tg.

Remark 2. Very similar results with similar proofscan be shown for similar type spaces in
bounded strongly pseudoconvex domains (see [18], [21-26], for one functional case for similar
results), based on known properties of r-lattices on these domains (see [1], [2]).

Remark 3. Very similar sharp results with similar proofs can be provided (under some
condition on kernel) in bounded symmetric domains in C" based on known properties of
r-lattices on these domains (see [6]).

Remark 4. Note in [3], [4] complete analogues of our embedding theorems can be seen in
harmonic function spaces.
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ABSTRACT

We introduce new multifunctional mixed norm analytic Herz-type spaces in tubular domains over

symmetric cones and provide new sharp embedding theorems for them. Some results are new even

in case of onefunctional holomorphic spaces. Some new related sharp results for new multifunctional

Bergman-type spaces will be also provided under one condition on Bergman kernel.

Keywords: Bergman spaces, Herz spaces, tubular domains over symmetric cones, embedding

theorems, analytic functions.

Bryansk State Technical University, Bryansk

E-mail: 'rshamoyaan@gmail.com; ? Tomele@mail.ru



On some new sharp embedding theorems . .. 33

@ R.F. Shamoyan',
E.B. Tomashevskaya?, 2021

AHHOTAIIIA

B pabore BBOUTCS HOBBII MHOrO(DYHKITMOHAJIBHBIN aHaauTudeckuii tun [epria co cMermanuoi
HOPMO# HPOCTPAHCTBA B TPYOYATHIX 00/IACTAX HAJ, CUMMETPUYHBIMU KOHYCAMHU W HPUBOISTCS JIJIsi
HUX HOBBIE€ TOYHBIC T€OPEMBI BJIOZKECHUA. HQKOTOpre PE3YIbTATHI ABJIAIOTCA HOBBIMU [IaKE B CJIy9dae
01HODYHKITNOHAIHHBIX TOJIOMOP(MHBIX MPOCTPAHCTB. HEeKOTOPhIE HOBBIE CBSI3AHHBIE TOUHBIE PE3YJIb-
TaThI /I HOBBIX MHOTO(YHKIIMOHAJBHBIX IPOCTPAHCTB Tuiia Beprmana O6yayT TakKe Ipe0CTaBIeHbI
TIPW OJHOM YCJIOBUM Ha gapo BeprMama.

KurodeBble ciioBa: npocrpancrBa Beprmana, npocrpancrsa lepra, tpybuarsie obiactu HaL

CUMMETPUYIHBIMU KOHYCaMW, TEOPEMbI BJIOZKCHUA, aHAJIUTUIECCKUE d)yHKIlI/II/I
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