
Adyghe International S
ienti�
 Journal. 2022. Vol. 22, No. 3 23

ÌÀÒÅÌÀÒÈÊÀ

MATHEMATICS

MSC 32A10; 32A37 Original arti
le

DOI: https://doi.org/10.47928/1726-9946-2022-22-3-23-28

On the a
tion of area integral on produ
t domains and bounded

fun
tionals in Hardy type spa
es

Romi F. Shamoyan

Bryansk State Te
hni
al University, Bryansk, Russia

rshamoyan�gmail.
om
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ÓÄÊ 517.55 Íàó÷íàÿ ñòàòüÿ

Î äåéñòâèè èíòåãðàëà ïëîùàäåé íà îáëàñòü ïðîèçâåäåíèÿ è

îãðàíè÷åííûå �óíêöèîíàëû â ïðîñòðàíñòâàõ òèïà Õàðäè

�. Ô. Øàìîÿí

Áðÿíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, ã. Áðÿíñê, �îññèÿ

rshamoyan�gmail.
om

Àííîòàöèÿ. Â çàìåòêå ïðåäïðèíÿòà ïîïûòêà ñ ïîìîùüþ íàëîæåíèÿ îãðàíè÷å-

íèé ðàñïðîñòðàíèòü íåêîòîðûå ðåçóëüòàòû Íàòàëüè ×àñîâîé î êëàññàõ òèïà Õàð-

äè â øàð èç ïîëèäèñêà. Íîâûå òåîðåìû ïîõîæåãî òèïà áóäóò òàêæå îáñóæäàòüñÿ.

Ïðèâåäåíà íîâàÿ ìàêñèìàëüíàÿ òåîðåìà è òåîðåìû î ïðåäñòàâëåíèè îãðàíè÷åííûõ

íåïðåðûâíûõ �óíêöèîíàëîâ. ââîäÿòñÿ ðàçëè÷íûå øêàëû íîâûõ �óíêöîíàëüíûõ

ïðîñòðàíñòâ òèïà Õàðäè ñî ñìåøàííîé íîðìîé.
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The main intention of this note to generalize some known theorems from [1℄ on new mixed

norm Analyti
 Hardy fun
tion spa
es from the 
ase of unit polydisk to the 
ase of more general

produ
ts of unit balls.

We obtain all our results in this note by 
arefully analysing known proofs of less general


ase.

Pra
ti
ally everywhere 
omplete generalizations by simple repetition of all arguments of

less general 
ase from [1℄ were found by us. In one assertion below 
on
erning linear bounded

fun
tionals an additional 
ondition whi
h we put also provided su
h type interesting new

generalization.

Note that all our results are well-known in the unit polydisk, unit disk (see for this 
ases, for

example, [1℄ for mixed norm Hardy spa
es )and for those even more parti
ular 
ases when all

pj parameters are equal to ea
h other.in the unit polydisk (see, for example, [3℄ for interesting

old results on bounded linear fun
tionals in 
lassi
al Hardy 
lasses in the unit polydisk).

Analyti
 Hardy spa
es or Hardy type fun
tion spa
es of one or several 
omplex variables

is a 
lassi
al topi
 of 
omplex fun
tion theory, many results and their various interesting

appli
ations in one dimension and also in higher dimension were given previously by many

authors and are well-known (see, for example, [1℄ and various referenes there).

For formulation of our main results we need some standard de�nitions.of analyti
 
omplex

fun
tion theory in the unit ball.

Let Bn
be the unit ball in Cn, Sn be the unit sphere we de�ne 
ertain new Hardy type

fun
tion spa
es in C
n
as follows (similarly in pseudo
onvex domains).

Let further.

A∞H
~p = {f ∈ H(Bn × · · · × Bn) :



∫

Sn

sup
rm<1

·

∫

Sn

sup
r2<1



∫

Sn

sup
r1<1

|f(~rξ)|p1 dξ1




p2
p1

. . . d(ξm)




1

pm

<∞};

pi <∞, i = 1, . . . , m;

M∞(H~p) = {f ∈ H(B × · · · ×B) :


∫

Sn

. . .

∫

Sn

sup
zm∈Γt(ξ)

(
sup

z1∈Γt(ξ)

|f(z1, . . . , zm)|
p1 dξ1 . . . dξm

)p1

. . . d(ξm)




1

pm

<∞};
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pi < ∞, i = 1, . . . , m; where Γt(ξ) = {z ∈ B : |1− z̄ξ| < t(1− |z|)} , t > 1, ξ ∈ Sn and

H(B × · · · × B) - is a spa
e of all analyti
 fun
tions on B × · · · × B (by ea
h variable)

and we de�ne also two other similar type fun
tions spa
es of Hardy type A∞H̃
~p
and M∞H̃

~p

using same type quazinorms with expressions

sup
zj∈Γt(ξ),j=1,...,m

|f(z1, . . . , zm)|

and also

sup
zj<1,j=1,...,m

|f(~zξ)| ;

within the quazinorm we use.

Note that if

f(~z) =

m∏

i=1

fi(zi)

then

‖f‖A∞H~p =
m∏

i=1

‖fi‖A∞Hpi ;

and the same for other spa
es (M∞H
~p).

Let 0 < pi <∞; i = 1, . . . , m. Let also

H~p =




f ∈ H(Bn × · · · ×Bn) :

(
sup
r<1

)


∫

Sn

. . .



∫

Sn

|f(~rξ)|p1 dξ




p2
p1

. . .




1

pm

<∞




.

We formulate �rst several extensions of 
lassi
al results on these new fun
tion spa
es, whi
h

extend some well known assertions We denote by Dα
the well known fra
tional derivative of

f fun
tion below.

Theorem 1. Let ψ ∈ L~q(Sn × · · · × Sn), let1 < qi <∞; 1
pi
+ 1

qi
= 1; i = 1, . . . , m.

Let

g(z1, . . . , zn) =

∫

Sn

. . .

∫

Sn

ψ(ξ1, . . . , ξm)
m∏
i=1

(1− ξ̄izi)
d~ξ ∈ H~q(S × · · · × S)

Then we have the following equality (H~p)∗ = H~q
and bounded fun
tionals of H~p

represented

by Cau
hy standed duality as

(Φ)(f) = (lim
r→1

)

∫

Sn

. . .

∫

Sn

f(rt) · g(r~t )dt; g ∈ H~q.

Theorem 2. Assume that

∫

Sn

. . .

∫

Sn︸ ︷︷ ︸
m

‖f(z1, . . . , zm)‖ ×

m∏

j=1

(1− |z|)
1

pj
−(n+1)

dm(~z) ≤ c ‖f‖H~p ; pj < 1, j = 1, . . . , m.

MATHEMATICS
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Then (H~p)∗ =

{
f ∈ H(B × · · · × B) :

∣∣∣D~α+1
zj

g(z1, . . . , zm)
∣∣∣

m∏
j=1

(1− |zj |)
αj−

1

pj
+n+1

<∞

}
;

Remark. This result of Theorem 2 is also valid if we repla
e H~p
by A∞H

~p
orM∞H

~p
or A∞H̃

~p

or M̃∞H
~p
.

Let further P be Riesz proje
tion on Sn.

Theorem 3.

1) Assume ‖Pξ(g)‖L~p ≤ c̃ ‖g‖
L

~pj ; pj > 1;m > n+ 1. Then

∥∥∥∥∥∥∥

∫

Γt(ξm)

. . .

∫

Γt(ξ1)

m∏

j=1

(1− |zj |)
m−(n+1) · |Dm

~z (f (~z))| dv(z)

∥∥∥∥∥∥∥
L~p

≤ c ‖f‖H~p .

2) We also have 0 < pi <∞, i = 1, . . . , m;



∫

Sn

. . . sup
Γt(ξm)

∫

Sn

sup
Γt(ξm)

|f(z)|p1




1

pm

≤ c ‖f‖H~p .

We need some lemmas.

Lemma A. ([2℄, [3℄, [4℄, [5℄) Let 0 < pi < ∞, αi > −1, i = 1, . . . , n. Let F ∈ A~p(~α). Then
Φβ fun
tion

Φβ(zm+1, . . . , zn) = ‖F‖β
Ap1,...,pm(α1,...,αm) ,

for (zm+1, . . . , zn) ∈ Bn−m = B × · · · ×B︸ ︷︷ ︸
n−m

is a subharmoni
 ((n −m) subharmoni
) in Bn−m

for all β ≥ 0.
Lemma B. (See [6℄).

∫

S

sup
z1∈Sα(ξ1)

|f(z1, ·)|
p1 dξ1 ≤ c

∫

S

|f(ξ1, ·)|
p1 dξ1

for all 0 < p1 < ∞, α > 0, Sα(ξ1) = {z ∈ B : |1− ξ1z| < α(1− |z|)}. The same is valid if we

repla
e Sα(ξ) by 0 < r < 1 (see [6℄).
Some �nal remarks. Similar results are valid for mixed 
ases.We provide some examples.

Let B(z, r) be standart Bergman ball in the unit ball B (see [6℄).

∫

B

(
sup

z∈B(w,r)

)
|f(z)|p dVα(w) ≤ c ‖f‖p

A
p
α

(A)

for 0 < p <∞;α > −1; so

∫

S

sup
z2∈Sα(ξ2)



∫

B

sup
z∈B1(w,r)

|f(~z)|p1 dVα(w)




p2
p1

dξ2 ≤ c

∫

S



∫

B

|f(~z)|p1 dVα(w)




p2
p1

dξ2,
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0 < pi <∞, i = 1, 2, α > −1, and for more general 
ases for fun
tions of m-variable. We refer

for (A) to [2℄.

We 
an 
onsider various 
ombinations of these two maximal theorems for fun
tions of

m-variables integrating zj by S, then zi by B. It is an open problem to prove su
h type

assertions for more 
ompli
ated domains as tubular domains over symmetri
 
ones and for

bounded strongly pseudo
onvex domains in Cn
.

Note very similar proof is valid for another maximal theorem



∫

Sn

sup
0<rn<1

. . .

(
sup

0<r1<1
|f(~z)|p1 dξ1

) p2
p1

. . . dξn




1

pn

≤ c̃ ‖f(z)‖H~p ,

0 < pj <∞, j = 1, . . . , n for mixed Hardy type spa
es.

We 
onsider two s
ales of analyti
 fun
tion spa
es of Hardy-Bergman type with mixed

norm in polyball B × · · · × B

sup
0<rj<1
j=1,...,m



∫

S

. . .



∫

S

|f(~rξ)|p1 dξ1




p2
p1

. . . dξm




1

pm

<∞,

and ñhanging integration by ball mixing this quazinorm with the Bergman spa
e we arrive at

sup
0<rj<1

j=i1,...,im



∫

B

(1− |z|)α1dV (z1)

∫

S

. . .

∫

B

(1− |zj |)
αjdV (zj)×

×



∫

S

|f(~rξ)|p1 dξ1




p2
p1

. . .




1

pm

<∞;

αk > −1, k = 1, . . . , j; for pi ≤ 1, i = 1, . . . , m ,we 
an give some results related with the dual

spa
es in both s
ales. Note we 
an also 
onsider the following Hardy type spa
es.


 sup

z2∈Γα2
(ξ2)



∫

S

(
sup

z1∈Γα1
(ξ1)

)∫

S

|f(~rξ)|p1 dξ1






1

pm

<∞,

and

sup

∫

S


 sup

rm<1

∫

S

(
sup
r1<1

|f(rξ)|p1
) p2

p1




1

pm

<∞.

And for pj ≤ 1, j = 1, . . . , m we 
an also provide some results on duals of these analyti



lasses following the proof from [1℄. And mixing last two s
ales (quazinorms) with Bergman


lass quazinorm we get another two new analyti
 fun
tion spa
es in produ
t domains, we �x

these six new fun
tion spa
es in polydisk for further resear
h.

MATHEMATICS
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