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Abstract. We provide a new maximal theorem for new mixed norm Hardy type spaces
and an extention of Hardy-Littlewood theorem to such type mixed norm function spaces
related with Area integral on product domains, some new duality results on bounded
functionals for such type mixed norm Hardy spaces in product domains will be also
provided. We consider and discuss also many new function spaces with mixed norm.
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Anvortaiuga. B 3aMerke mpeanpuHaTa MOMBITKA € MOMOIIBIO HATOXKEHUsT OTPaHUIe-
HII PaCIpOCTPAHUTH HEKOTOpPBIe pe3yabrarTsl Haramsn Hacosoit o kmaccax Tuma Xap-
v B map u3 nosuaucka. HoBbie TeopeMbl OX0Kero tutia 0y/1yT TakzKe 00CYy K 1aThCs.
[IpuBeiena HOBasg MaKCHUMaTbHAS TeOpeMa U TEOPEMBI O IPeICTABIEHNN OTrPAHIMIEHHBIX
HEIIPEPbIBHBIX (i)yHKLLHOHaJIOB. BBOAATCA PA3JIMYHbIC ITKaAJIBI HOBBIX (byHKL[OHaJ'[beIX
IIPOCTPAHCTB THUITA Xap/d CO CMENIaHHOW HOPMOII.
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The main intention of this note to generalize some known theorems from [1] on new mixed
norm Analytic Hardy function spaces from the case of unit polydisk to the case of more general
products of unit balls.

We obtain all our results in this note by carefully analysing known proofs of less general
case.

Practically everywhere complete generalizations by simple repetition of all arguments of
less general case from [1| were found by us. In one assertion below concerning linear bounded
functionals an additional condition which we put also provided such type interesting new
generalization.

Note that all our results are well-known in the unit polydisk, unit disk (see for this cases, for
example, |1] for mixed norm Hardy spaces )and for those even more particular cases when all
p; parameters are equal to each other.in the unit polydisk (see, for example, |3] for interesting
old results on bounded linear functionals in classical Hardy classes in the unit polydisk).

Analytic Hardy spaces or Hardy type function spaces of one or several complex variables
is a classical topic of complex function theory, many results and their various interesting
applications in one dimension and also in higher dimension were given previously by many
authors and are well-known (see, for example, |1| and various referenes there).

For formulation of our main results we need some standard definitions.of analytic complex
function theory in the unit ball.

Let B"™ be the unit ball in C", S, be the unit sphere we define certain new Hardy type
function spaces in C™ as follows (similarly in pseudoconvex domains).

Let further.

A H? = {f € H(B" x --- x B"):

P2 vy
p1

/SUP '/SUP /Suplf(Fé“)lpl e, | .dE) | < ool

rm<l ro<l ri<l
Sn Sn n

P <oo,i=1,...,m;
My (H?)={f € HB x --- x B):

// sup (sup |f(zl,...,zm)|p1d§1...d§m> cd(Ey) < oo};

2m €L (€) \ z1€T4(€)
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pi < 00, = 1,...,m; where I'((§) = {z € B: |1-2¢| <t(l—|2])},t > 1,£€ € S, and
H(B x --- x B) - is a space of all analytic functions on B X --- x B (by each variable)
and we define also two other similar type functions spaces of Hardy type Ao H? and M., H?
using same type quazinorms with expressions

Sup |f(Z17'--,Zm)|
ZjEFt(f),jzl ,,,,, m

and also

within the quazinorm we use.
Note that if

then
m
1A ar =TT ill o e
i=1

and the same for other spaces (M, H?).
Let 0 <p; <oo;t=1,...,m. Let also

P1

HP ={ fe HB, x - x B,): (sup) | f(FE)[P* d€ < 00
I

r<l

We formulate first several extensions of classical results on these new function spaces, which
extend some well known assertions We denote by D* the well known fractional derivative of
f function below.

Theorem 1. Let ¢ € LI(S" x --- x S"),letl < ¢; < oo;p%_+% =1li=1,...,m

Let
¢£17"'7
g(z1,. dgqu(S <o x 9)
1 [ / —&izi)

Then we have the following equality (H ﬁ)* = H7 and bounded functionals of H? represented
by Cauchy standed duality as

(P) hn%/ /frt (rt )dt; g € HY.

Sn

Theorem 2. Assume that

- —(n+1 R .
/ /nle,..., I TT = 1B @) < el i < =1,

m
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= m aj—L4n
Then (HP)* = {fEH(Bx x B): D?jﬂg(zl,...,zm) [T -1z~ O +1<oo};
j=1
Remark. This result of Theorem 2 is also valid if we replace H? by A H? or M, HP or A HP
or M, HP.
Let further P be Riesz projection on S™.
Theorem 3.

1) Assume || Pe(g)|l,» < €llgll 5 ;p; > 1;m > n+ 1. Then

Izs <

/ /Hl—\zy\ ~HD DR (f ()| do(z)|| < ellfllp

Te(&Em) T (1) L7
2) We also have 0 < p; < o0,i=1,...,m;
1
Pm
[oosw [ sw 5@ ) <l
| e ), ruen

We need some lemmas.
Lemma A. (2], [3], [4], [5]) Let 0 < p; < 00, > —1,i =1,...,n. Let F € AP(@). Then
4 function

(I)ﬁ(zm-i-la R Zn) = ||F||ip1 """ Pm(a,..,am)
for (zm+1,...,2n) € B"™™ = B X --- X B is a subharmonic ((n — m) subharmonic) in B"~™
—_——
n—m

for all g > 0.
Lemma B. (See [6]).

/ sup | f(z, )P 6y < o / (&) dey
S

S z1€S8q (fl)

forall 0 < p; < 0o, > 0,5,(&) ={z€ B: |1 =&z <a(l —|z|)}. The same is valid if we
replace S,(&) by 0 <7 <1 (see |6]).

Some final remarks. Similar results are valid for mixed cases.We provide some examples.
Let B(z,7) be standart Bergman ball in the unit ball B (see [6]).

/ ( o ) FP dVata) < 1 )
% zeB(w,r)

for 0 < p < oo;a > —1; so

P2 b2
P1 p1

/ sup / swp SO dValw) | dey < c / / FEP dVaw) | de,
% 22€854(&2) % z€B1(w,r)

S B
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0<p; <o0,i=1,2,a> —1, and for more general cases for functions of m-variable. We refer
for (A) to [2].

We can consider various combinations of these two maximal theorems for functions of
m-variables integrating z; by S, then z; by B. It is an open problem to prove such type
assertions for more complicated domains as tubular domains over symmetric cones and for
bounded strongly pseudoconvex domains in C".

Note very similar proof is valid for another maximal theorem

1

P2 Pn

/ sup ( sup |f(5)|p1d§1)pl...d§n < f ) o

0<rp<1 0<ri<1

0 <p;j <oo,j=1,...,n for mixed Hardy type spaces.

We consider two scales of analytic function spaces of Hardy-Bergman type with mixed
norm in polyball B x --- x B

0<7‘j<1
j:17"'7m S

sup / /|f(F§)|p1d§1 .dé, < 00,
S

and changing integration by ball mixing this quazinorm with the Bergman space we arrive at

| famehmave [ o= hmae)x

J=015eetm

P2 P
P1 Pm

X [fFOI™ d& ] - < 00;
/

ap>—1,k=1,....5;forp; < 1,0 =1,...,m ,we can give some results related with the dual
spaces in both scales. Note we can also consider the following Hardy type spaces.

Pm

sup / sup / FEorda || <o
2261—‘&2@2) S 2161—‘&1(51) S

and

1

p2 Pm

Pr1

sup/ sup / (sup |f(r§)|p1) < 0.
rm<l ri1<l1
5 S
And for p; < 1,5 =1,...,m we can also provide some results on duals of these analytic

classes following the proof from [1|. And mixing last two scales (quazinorms) with Bergman
class quazinorm we get another two new analytic function spaces in product domains, we fix
these six new function spaces in polydisk for further research.
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