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Àííîòàöèÿ. Ìû ïðèâîäèì íîâûå òî÷íûå ðåçóëüòàòû îá îïåðàòîðàõ òèïà Òåïëèöà

äåéñòâóþùèõ íà ïðîñòðàíñòâà÷ òèïà ÂÌÎÀ â åäèíè÷íîì êðóãå. Îïåðàòîðû Òåïëè-

öà èìåþò áîëüøîå ÷èñëî ïðèëîæåíèé â òåîðèè �óíêöèé êîìïëåêñíîãî ïåðåìåííîãî.

Â êëàññàõ òèïà ÂÌÎÀ îïåðàòîðû Òåïëèöà ðàññìàòðèâàëèñü â ðÿäå ðàáîò çàðóáåæ-

íûõ àâòîðîâ. Ìû ïðîäîëæàåì ýòè èññëåäîâàíèÿ. Èñïîëüçóþòñÿ â äîêàçàòåëüñòâå

ñòàíäàðòíûå îöåíêè èç òåîðèè �óíêöèé êîìïëåêñíîãî ïåðåìåííîãî. �åçóëüòàòû áà-

çèðóþòñÿ íà ìåòîäàõ ïðåäûäóùèõ ðàáîò ïåðâîãî àâòîðà. Â äîêàçàòåëüñòâå íåîáõî-

äèìîñòè èñïîëüçóþòñÿ ñòàíäàðòíûå òåñò �óíêöèè è îöåíêè èç ïðåäûäóùèõ ðàáîò

àâòîðà. �àáîòà ìîæåò èìåòü ïðèëîæåíèÿ ê çàäà÷àì òåîðèè �óíêöèé êîìïëåêñíîãî

ïåðåìåííîãî.

Êëþ÷åâûå ñëîâà: îïåðàòîðû Òåïëèöà, êëàññû òèïà Áåñîâà, àíàëèòè÷åñêèå �óíê-

öèè, êëàññû òèïà ÂMOA, åäèíè÷íûé êðóã

Áëàãîäàðíîñòè: àâòîðû âûðàæàþò áëàãîäàðíîñòü ðåöåíçåíòàì çà óêàçàííûå çà-

ìå÷àíèÿ, êîòîðûå ïîçâîëèëè ïîâûñèòü êà÷åñòâî ñòàòüè.

Àâòîðû çàÿâëÿþò îá îòñóòñòâèè êîí�ëèêòà èíòåðåñîâ.

Äëÿ öèòèðîâàíèÿ. Shamoyan R. F., Tomashevskaya E. B. On the ation of Toeplits operators

into new BMOA type spaes in the unit disk (íà àíãë. ÿç.) // Äîêëàäû ÀÌÀÍ. 2023. Ò. 23, � 1.

Ñ. 20�27. DOI: https://doi.org/10.47928/1726-9946-2023-23-1-20-27; EDN: BLNHRE

© Øàìîÿí �. Ô.

Òîìàøåâñêàÿ Å. Á., 2023

Introdution

In this note we will extend our previously known sharp theorems on the ation of Toeplits

operators into BMOA type funtion spaes in the unit disk (we onsider s ≥ 1 here). More

preisely we provide new sharp results on the ation of Toeplits operators from mixed norm

analyti funtion spaes into new BMOA type lasses in the unit disk. For that reason we

modify the previously known proof, provided earlier by �rst author in lassial funtion spaes.

Proofs of our sharp results and proofs of [1℄ are based mainly on similar type ideas.

We introdue new BMOA type spaes in the unit disk as follows.

BMOAs,q(U) =

{
f ∈ Hs(U) : ||f ||BMOAs,q

=

= sup
z∈U

(∫

T

|f(ξ)− f(z)|s

|1− ξz̄|q
dm(ξ)(1− |z|2)

)1/s

, 0 < q <∞, 1 ≤ s <∞

}
;

BMOAp
s(U) =

{
f ∈ Hs(U) : ||f ||BMOAp

s
=

= sup
z∈U

(∫

T

|f(ξ)− f(z)|s

|1− ξz̄|2
dm(ξ)(1− |z|2)p

)1/s

, 0 < p <∞, 1 ≤ s <∞

}

(see de�nitions of all objets below). It is easy to see that in partiular values of parameters

quazinorms of these analyti spaes in the unit disk oinide with the so -alled Garsia norm

in BMOA (see [2℄, [3℄-[6℄).
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The intention of this short paper to show new sharp results on the ation of Tϕ Toeplitz

operators in some new BMOA type spaes in the unit disk. We provide a neessary and

su�ient ondition on the symbol of Tϕ operator. Note suh type results have various applia-
tions. Various results on BMOA type funtion spaes an be seen in papers [2℄, [3℄�[6℄. Various

results on the ation of Tϕ Toeplitz operators an been seen in reent papers [2℄, [3℄, [6℄, [7℄

on various new and lassial analyti funtion spaes in the unit disk. We refer to [2℄, [3℄, [6℄

and [8℄ for some appliations of suh type results in analyti funtion spaes.

Let further U = {z ∈ C, |z| < 1} or D be the unit disk on a omplex plane C, T be the unit

irle on C. Let also further I = (0, 1). Let further H(U) be the spae of all analyti funtions
in U .

In this paper we as usual denote by Dα
for any real α the frational derivative of analyti

f funtion in the unit disk,

Dαf(z) =
∞∑

k=0

(k + 1)αakz
k, z ∈ U

for any analyti f funtion, f(z) =
∞∑

k=0

akz
k, α > −1, α ∈ R (see[4]).

Note if f ∈ H(U) then for any s ∈ R, Dsf ∈ H(U).
The Hardy spaes, denoted by Hp(U) (0 < p ≤ ∞), are de�ned as usual (see [9℄) by

Hp(U) =

{
f ∈ H(U) : sup

0<r<1
Mp(f, r) <∞

}
,

where

Mp
p (f, r) =

∫

T

|f(rξ)|p dm1(ξ), M∞(f, r) = max
ξ∈T

|f(rξ)| , r ∈ (0, 1), f ∈ H(U).

For α > −1, 0 < p < ∞, reall that the weighted Bergman spae Ap
α(U) onsists of all

holomorphi funtions on the unit disk satisfying the ondition

‖f‖p
Ap

α
=

∫

U

|f(z)|p (1− |z|2)αdm2(z) <∞ (see [4, 6, 7, 9℄).

Let further H(U) be the spae of all analyti funtions in U . Let further also (see [4℄, [4℄)

F p,q
α (U) =

{
f ∈ H(U) : ‖f‖p

F p,q
α

=

∫

T

(∫

I

|Dmf(rξ)|q(1− r)(m−α)q−1dr

)p
q

dξ <∞

}
,

where 0 < p, q < ∞, m > α, α ∈ R, be the holomorphi Lizorkin-Triebel spae, (see, for

example, [4℄, [5℄).

Let

F p,q
α,k(U) =

{
f ∈ H(U) : ‖Dkf‖F p,q

α
<∞

}
, 0 < p, q, α <∞, k ∈ N.

Note that we an easily show F p,q
α general mixed norm analyti funtion spaes in the unit

disk are Banah spaes for all values of p and q, if min(p, q) > 1 and they are omplete metri
spaes for all other values of p and q.
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Note (see [2℄, [4℄, [5℄, [7℄) for partiular ase p = q we have Bergman lassial lass, for q = 2
we have so-alled Hardy-Lizorkin spae Hp

β for some β that is, H
p
β = {f ∈ H(U) : Dβf ∈ Hp},

0 < p ≤ ∞, β > 0, where Dβ
is a frational derivative of analyti f funtion in U . Note

(see de�nitions bellow) for this partiular ases the ation of Tϕ lassial Toeplitz operator is

well-studied in unit disk, unit ball, unit polydisk and unit disk.

Various sharp results on ation of Teoplitz and other operators an be seen in papers

of various authors in various funtional spaes in the unit ball, polydisk and unit disk. We

mention, for example, the following papers [6℄ and [8℄, where suh type sharp results an be

seen for various ases of F p,q
α spaes namely in Bergman type and in Hardy type spaes in

the unit ball, polydisk and in the unit disk. We also note similar type results in for partiular

values of parameters are well-known also in other domains (see, for example, [6℄).

Suh type sharp result on boundedness of Toeplitz operators also have various appliations

(see, for example [6℄, [8℄).

We remind the reader the standard de�nition of Toeplitz Th operators in the unit disk.
Let h ∈ L1(T ). Then we de�ne Toeplitz Th operator as an integral operator

(Thf)(z) =
1

(2π)

∫

T

f(ξ)h(ξ)

(1− ξ̄z)
dm(ξ), z ∈ U.

We stress that behavior of the operators in the unit polydisk is substantially di�erent from

the ation of Tϕ operators in the unit ball in Cn
(see [8℄ for example). Our intention to set

riteria for the ation of Toeplitz Tϕ operators from F p,q
α,k(U) into BMOA type spaes in the

unit disk, under the assumption that ϕ is holomorphi, ϕ ∈ H(U) (with some restrition on
symbol of Toeplitz operator).

Throughout the paper, we write C or c (with or without lower indexes) to denote a positive
onstant whih might be di�erent at eah ourrene (even in a hain of inequalities), but is

independent of the funtions or variables being disussed.

We pay speial attention to plaes where di�erent arguments from those we see in [1℄ are

needed.

Lemma 1.

Let R ∈ (0, 1); w ∈ D; φ ∈ H∞(D), s ≤ 1,

τfR(w) = FR(w) = F (Rw) =

1

2πi

∫

τ

φ(t)f(t)

1− tRw
dm(t), R ∈ I, w ∈ D.

Then (∫

T

|F (ξ)− F (w)|s
(1− |w|)

|1− wξ|q
dm(ξ)

) 1
S

≤

≤ c(||φ||∞)

∫

T

∫

D

|Dkf(z)|
s
(1− |z|)ks+s−2(1− |w|)dm(ξ)

|1− zξ|s|1− wz|s|1− wξ|q−s
dm2(z) ≤

≤ c(||φ||∞)

(∫

D

|Dkf(z)|
s
(1− |z|)ks+s−2

|1− wz|q−1+s
(̇1− |w|)dm2(z)

) 1
S

= J ||φ||∞

||φ||∞ = sup
z∈D

|φ(z)|.

MATHEMATICS



24 Äîêëàäû ÀÌÀÍ. 2023. T. 23, � 1

Put b = q − 3 + s, b > −1 and we have a = ks+ 1− q . From here we have

J s ≤ c

((
sup

r∈(0;1)

)(∫

T

|Dk f(rξ)|sdξ

)
(1− r)q

)
×

( 1∫

0

(1− r)b dr

(1− rR)q−1+s

)
(1−R);

q − 1 + s > b+ 1 ⇔ q + s > b+ 2.

Theorem 1. Let s < 1, 2− s < q < 1 + s. Then (Tφ) is ating from Sq,s :

||f ||Sq,s
=

(
sup

r∈(0,1)

)
Ms(D

k f, r) · (1− r)
ks+1−q

s ;

to BMOAs,q, if and only if φ ∈ H∞.
Proof. (of theorem 1) The su�ieny was provided above. Let us show the neessity part

Let fr(z) =
(1− r)γ

1− rz
, γ > γ0, r ∈ (0, 1), z ∈ D.

We have

||Tφf ||BMOAs,q
≤ c||f ||Sq,s

,

then

||f ||Sq,s
≤ c(1− r)τ0

and (see [1℄ )

||Tφf ||BMOAs,q
≥ c(1− r)τ0 |φ(z)|, τ0 = γ +

2− s− q

s
.

See ([℄) . Now following arguments from (see [1℄ ) we have

|φ(z)| ≤ c, so φ ∈ H∞(D).

Lemma 1. (see [1℄ )

detR ∈ (0, 1), w ∈ D, φ ∈ H∞(D), s ≤ 1,

(TfR)(w) = FR(w) = F (Rw) =

=
1

2πi

∫

T

f(t)φ(t)

1− tRw
dt, R ∈ I, w ∈ D.

Then

||F ||BMOAq
s
=

(
sup
z∈D

)(∫

T

|F (ξ)− F (z)|s dm(ξ)

|1− ξz|2
(1− |z|)q

) 1
S

≤

≤ c

∫

D

|Dkf(rξ)|s
(1− |z|)ks+s−2

|1− zw|2s
(1− |w|)q−1+sdm2(z) · ||φ||H∞ = I(f).

From last estimate we have

I ≤ (a = ks+ q − 2, b = s− q > −1) ≤

ÌÀÒÅÌÀÒÈÊÀ
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≤ sup
0<r<1

(∫

T

|Dkf(rξ)|sdξ

)
· (1− r)a ·

1∫

0

(1− |w|)b

(1− |z||w|)2s
d(|z|) · (1− |w|)q−1+s ≤ cA(f).

Theorem 2. Let S ∈ (0, 1
2
), 1− s < q < 1 + s. Then Tφ is bounded.

From S̃s,q

||f ||S̃s,q
=

(
sup

0<r<1

)(∫

T

|Dkf(rξ)|sdξ · (1− r)ks+q−2

) 1
s

to BMOAq
s if and only if φ ∈ H∞.

Proof. (of theorem 2). The su�ieny part was provided above. Let us show the neessity

Let fr(z) =
(1− r)γ

(1− rz)
; γ > γ0, r ∈ (0, 1), z ∈ D.

We have

||Tφf ||BMOAq
s
≤ c||f ||S̃q,s

.

Then ||f ||S̃q,s
≤ c(1− r)τ0 , τ0 = γ + q−1−s

s
and (see [1℄) and

||Tφf ||BMOAq
s
≥ c(1− r)τ0 |φ(z)|;

following arguments from [1℄ |φ(z)| ≤ onst, φ ∈ H∞(D).
By lemma 1

||Tφf ||BMOAs,q
≤

≤ c

∫

T

∫

D

|Dkf(z)|s(1− |z|)ks+s−2(1− |w|)

|1− zξ|s|1− wξ|q−s|1− zw|s
dm2(z) · ||φ||∞ ≤

≤ c||φ||∞
(
sup
z∈D

|Dkf(z)|s(1− |z|)ks+2−q
)
,

∫

T

∫

D

(1− |z|)s+q−4(1− |w|)dm(ξ)dm2(z)

|1− zξ|s|1− wz|s|1− wξ|q−s
≤ onst. · I2,

s < 1, q > 1, q > (3− s), q − s > 1

I2 ≤ c(1− |w|)−(2+s−q)

∫

T

dξ

|1− wξ|q−s
(1− |w|) ≤ onst.

Using that ∫

D

(1− |z|)s+q−4dm2(z)

|1− zξ|s|1− wz|s
≤ c(1− |w|)−(2+s−q)(see[1]).

s− (s+ q − 4) < 2, 2 + s− q > 0,⇔ q > 2, q < s+ 2.
So we arrive at theorem 3.

Theorem 3. The (Tφ) is ating as a bounded operator from A∞
s,q

||f ||A∞

s,q
=

(
sup
z∈D

)
|Dkf(z)|(1− |z|)

ks+2−q
s <∞

MATHEMATICS
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to BMOAs,q if and only if φ ∈ H∞(D), s ∈ (1
2
, 1) q ∈ (3− s, s+ 2).

Proof. Su�ieny was provided above.

We show the reverse now

Let fr(z) =
(1− r)γ

1− rz
, γ > γ0; r ∈ (0, 1); z ∈ D.

We have

||Tφf ||BMOAs,q
≤ c||f ||A∞

s,q
, then ||f ||A∞

s,q
≤ c(1− r)τ0 and (see [1℄)

||Tφf ||BMOAs,q
≥ c(1− r)τ0|φ(r)| (see[11]), τ0 = γ +

2− s− q

s
.

Following arguments from [1℄ we have |φ(z)| ≤ c, so φ ∈ H∞(D).
Using arguments of [1℄

||Tφf ||BMOAq
s
≤ (s ≤ 1, s > q)

≤

∫

T

∫

D

|Dkf(z)|s(1− |z|)ks+s−2(1− |w|)q

|1− wz|s|1− zξ|s|1− wξ|2−s
dm(ξ)dm2(z) ≤

≤ c sup
t∈D

|Dkf(z)|s(1− |z|)ks+q−1·

·

∫

T

∫

D

(1− |z|)s−q−1(1− |w|)qdm(ξ)dm2(z)

|1− wz|s|1− zξ|s|1− wξ|2−s
= c(I1) · (I2).

Sine q < 1; s > 1−q; 2−s > 1, I2 ≤ c(1−|w|)0 = onst. Sine

∫
T

dξ(1−|w|)q

|1−wξ|2−s ·(1−|w|)−q−s+1 ≤ onst.

Sine ∫

D

(1− |z|)s−q−1

|1− wz|s|1− zξ|s
dm2(z) ≤ c(1− |w|)−q−s+1; w ∈ D(see[1]).

We arrive at theorem 4.

Theorem 4. Let s ∈ (1
2
, 1); q ∈ (1− s, s).

Then Tφ is a bounded operator from Ã∞
s,q :

||f ||Ã∞

s,q
= sup

z∈D
|Dkf(z)|(1− |z|)

ks+q−1
s <∞

to BMOAq
s if and only if φ ∈ H∞(D).

Proof. Proof of su�ieny was provided above.

Proof of reverse part

Let fr(z) =
(1− r)

1− rz
, γ > γ0, r ∈ (0, 1), z ∈ D.

We have

||Tφf ||BMOAq
s
≤ c||f ||Ã∞

s,q
,

then ||f ||A∞

s,q
≤ c(1− r)τ0 ; and see ([1℄) ||Tφf ||BMOAq

s
≥ (1− r)τ0|φ(r)| (see [1℄ )

τ0 = γ +
q − 1− s

s

Following arguments from [1℄ φ(z)| ≤ c, z ∈ D.

ÌÀÒÅÌÀÒÈÊÀ
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