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Awnnsoranus. B cMmeranHOl NpsiMOYTOJIBHOM 00JIACTH UCCIIEYeTCsl 3aJlada COIPSI?KEHUsI JIBYX
ypaBHEeHUl runepOo/IMIecKoro TUIIA TPETHErO MOPIKa. B MOI0KUTeIbHO JacT 06JIacTh pac-
CMATPUBAEMOe yPaBHEHNE COBIAIAET C ypaBHeHHEM AJuiepa, a B OTPUIATENBHON JacTh — ¢ MO-
JIEJIbHBIM YPaBHEHHEM TPETHErO MOPAIKA. 3aJada 3aKJI09aeTCs B HAXOXKJIEHUU PEryJIsSpPHOrO
peIleHns PacCMaTPUBAEMOT0 YPAaBHEHHUS, KOTJa HA ITOJIOXKHUTEIbHON 9acTh I'PAHUIBI 00J1acTh
3a/1aHbl CMEIIAHHbIE TPAHUYHBbIE yCJIOBUd, & B OTPUIATEJLHON YacTH 3aJaHbl ycsoBus Komn
Ha OJHOM M3 XapaKTepucTuk. Jlokazana TeopeMa O CyIECTBOBAHUH €JIMHCTBEHHOTO PETYJISTPHO-
ro peIleHns] UCCIIeyeMOil 3aJaun B CMeInanHoil obactu. s oKka3arebcTBa OHO3SHATHON
Pa3penInMOCTH 331491 UCIOJIb3yeTCA METO/T 1 PUKOMH, COIVIACHO KOTOPOMY TIOJIYI€HBI COOTBET-
crByfomue pyHIaMeHTaIbHbIE COOTHOIIIEHUS MEXKY CJIeaMU MCKOMOTIO DEIeHUsI U €r0 IIPOM3-
BOJIHOIA, TIepeHEeCeHHbIe U3 TOJOKUTETLHON U OTPUIATEIbHON YacTell cMelanHoit objgacTu Ha
JIMHUIO compsizkenus. VI3 mosryueHHbix dbyHIaMEHTAIBHBIX COOTHOIIEHUN, B PE3y/IbTaTe UCKJIIO-
YeHUsl OJTHOTO U3 MCKOMBIX (DYHKIIWI, IIPUXOIUM K CMEIAHHON KPaeBoil 3a1a4de Jjisi HEOIHOPO/I-
HOT'O OOBIKHOBEHHOTO AudHepeHnnaIbHOTO yPABHEHNST BTOPOT'O MOPSIIKA OTHOCATEIFHO BTOPOit
UCKOMO# (PYHKITNN — CJIEIa TTPOU3BOTHON NCKOMOTO PEIeH s, PEIeHrne KOTOPOil HAIEHO U BbI-
nucaHo B sBHOM Buze. Torna u pernieHue ucciaeayeMoil 3a/1a9i BBINUCHIBAETCS B sIBHOM BHU/IE
KaK pellleHne CMeIIaHHON KpaeBoil 3aja4u i ypaBHeHUs AJiiepa B IOJIOXKHUTEIBHON dacTu
CMeIaHHoi 00J1acTh U Kak pernenne 3aaa4qu lapOy mjist MOJIEIbHOTO ypaBHEHUsI TUIIEPOOIIYe-
CKOT'O THUIIA TPETHETO MOPsIJIKA B OTPUIIATEILHOM YacTu. B pabore Takzke HalIEHBI JOCTATOYHBIE
yCJIOBUS Ha 3aJaHHble (DyHKINN, 00ECIIeINBAIOIINE PETYISAPHOCTD IOy 9€HHBIX DEIeHn NCCe-
JlyeMO# 3a/1a4uul.

KitroueBble cjioBa: MOe/IbHOE THIEPOOIMIECKOe YPABHEHNE TPETHErO IOPSIKA, YPaBHEHUE
Autepa, KpaeBast 3ajia4a, MeTos, TpuKOMH.

dunancupoBanme. Pabora BbINoNHEHa B paMKax roc. 3aganus Mwunobpuayku P® mo mpo-
exTy: Kpaesble 3a71aun 1 3a/1a41 ONTUMAJIBHOTO YIIPABJIEHUS JJIs JIOKAJIBHBIX W HEJOKAJIbHBIX
ypasHeHuit Mmaremarndeckoii dbusnkn (1024031200120-2).

Koukypupyiomine narepecbl. KoHMINKTOB MHTEPECOB B OTHOIIIEHIH aBTOPCTBA U IIyOJInKa-
AU HET.

ABTOpCKI/Iﬁ BKJIaJ 1 OTBETCTBEHHOCTD. ABTOp y49acCTBOBaJI B HallUCaHUU CTaTbU U IIOJIHO-
CTBIO HeCeT OTBETCTBEHHOCTDL 3a ITpe/I0CTaBJICHUE OKOHYAaTEJbHO BepCcuu CTaTbu B lIedaTb.

Has murupoBanusi. Makaosa P. X. 3ajiaua conpsizkeHns ByX yPaBHEHHUI TPETHErO IOPsIIKA THIEP-
6ommaeckoro Tuna // Hokmamer AMAH. 2025. T. 25, No 4. C. 14-20. DOI: https://doi.org/10.47928 /
1726-9946-2025-25-4-14-20; EDN: HTXCYF

@ Makaosa P. X., 2025

KOHTeHT nocryneH noj nunensueit Creative Commons Attribution 4.0 License.
BY




B Adyghe International Scientific Journal. 2025. Vol. 25, No. 4 15

MATHEMATICS

MSC 35125 Original article

The problem of conjugation of two third-order hyperbolic equations
Ruzanna Kh. Makaova

Institute of Applied Mathematics and Automation of KBSC RAS, Nalchik, Russia
Makaova.ruzanna@mail.ru

Abstract. The problem of conjugating two third-order hyperbolic equations is studied
in a mixed rectangular domain. In the positive part of the domain, the equation under
consideration coincides with the Hallaire equation, and in the negative part, with a third-
order model equation. The problem consists of finding a regular solution to the equation under
consideration when mixed boundary conditions are specified on the positive part of the domain
boundary, and Cauchy conditions on one of the characteristics are specified in the negative part.
A theorem on the existence of a unique regular solution to the problem under consideration
in the mixed domain is proved. To prove the unique solvability of the problem, the Tricomi
method is used. According to this method, the corresponding fundamental relations between the
traces of the desired solution and its derivative are obtained, transferred from the positive and
negative parts of the mixed domain to the conjugation line. From these fundamental relations,
by eliminating one of the desired functions, we arrive at a mixed boundary value problem for
a second-order inhomogeneous ordinary differential equation with respect to the second desired
function—the trace of the derivative of the desired solution. The solution to this problem is
found and written out explicitly. Then, the solution to the problem under study is written out
explicitly as a solution to a mixed boundary value problem for the Hallaire equation in the
positive part of the mixed domain and as a solution to the Darboux problem for a third-order
hyperbolic model equation in the negative part. The paper also finds sufficient conditions on
the given functions that ensure the regularity of the obtained solutions to the problem under
study.

Keywords: model third-order hyperbolic equation, the Hallaire equation, boundary value
problem, Tricomi method.
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BBenenmne. PaccmarpuBaerca ypaBHeHnue BuIa

Uy — AUgy — OUgyy, Yy > 0,
P ={ vy 1)

Ugzr + u:t;cy - uxyy - uyyy) Yy < 07

rje a, b — 3aJJaHHbIe TTOJOKUTEIbHbIe Yncaa; f (z, y) — u3BectHas GyHKIUs; u (X, y) — HCKOMast
neficrBuTenbHas PyHKIHS.

[Iycte Q =QTUQ  UAA,, QT ={(z,y):0<z<r,0<y<T}, tae r, T < o0,

a )~ — obiactb, orpanmdennas xapakrepuctukamu AoC @ r+y =0, A,.C 1z —y = r
ypasaenus (1) mpu y < 0, Bexomgmmmu u3 Touek Ay = (0, 0), A, = (r, 0) u nepecekaronUMucs
B rouxkax C' = (5,—1); By = (0,1), B, = (r,T), AgA, = {(2,0): 0 <z < r}.

B nostoxkurenbHOi dacTi obsacti ypaBHerue (1) coBmasaeT ¢ HEOJHOPOHBIM ypaBHEHHEM
Aunepa [1], Koropoe siByisieTcst ypaBHEHHEM TUIIEPOOJTIECKOTO THUIIA TPETHETO TOPSIKA, XOTsI
ero OTHOCAT K ypaBHeHUsIM IiceBionapabosmyeckoro tura [2]. Ero perenue unrepuperupyercs
KaK BJIA2KHOCTDb TOUBBI ¢ Kodddurmenrom auddy3un a u Ko3bOUINEHTOM BJIANOIPOBOIHO-
cru b B Touke x mousenHoro ciaod 0 < x < r B moment Bpemennu t € [0,7] [3]. B pabore
[4] ypaBrenue (1) HasbBaercss MoAUGUIIMPOBAHHBIM ypaBHEHHEM Biaromnepenoca. Vcciemosa-
HUIO PA3/IMIHBIX KPAEBBIX 3a/1a4 JIJIs TICEBI0NapaboJInIecKuX YPaBHEHUH, B 4aCTHOCTH, U JIJIst
ypaBHeHus AJuiepa, mocBsmeHs paborst [5]-[11].

B orpunaresbhoii gactu obactu ypasaenue (1) npejcrasisier coboit MojieIbHOE ypaBHEHHE
TPETHETO MOPsIKA MUIIepOOJINIecKOro Tuma. JIokajabHble KpaeBble 33/1a49u JIJIs TAKOTI'O ypaBHe-
HUsI PACCMOTDEHHBI B pabore [12], B KOTOPOM perlieHrs HCCIIeyeMbIX 3a/ad BbINMUCHIBAIOTCS
B IBHOM BHJIE W HaiiJIeHbI YCIOBUS, 00ECIEUNBAIONIIE PEYJISPHOCTD MOJIYUYEHHBIX PEelleHuii.

B paGorax [13], [14] misa paccmarpuBaemoro ypaprenus (1) craBaTcst W HCCIELYIOTCSA
JIOKAJIbHBIE KPAeBble 3a/1auu.

Pezyasprom 6 obaacmu €2 pewenuem ypasuerusn (1) nazosem dynryuro u = u(x, y)
maxkyro, wmo u € C (Q) NC* (Q\ {A¢By U ByB, U A,C}) NCZL(QT)NCE (Q7), (i45 =3,
i=0,3,7=0,3), Uy (x,0) € L1 (AA,) u ydosaemsoparowyro ypasnenuro (1).

ITocraHoBKa 3a7a4M U MOJYYEHHbIN pe3yJbrar. Vccieayercs ciemyromnas

Bamaua. Hatmu peeyasproe 6 obaacmu  pewenue u = u(x, y) ypasuenus (1), ydosae-
MEOPAIOULEE CACOYIOULUM KPAEGHIM YCAOBUAM.:

u(0,y) =u, (r,y) =0, 0<y<T, (2)
ulby (z)] =1 (x), 0<z <, (3)
2 o (@) = 2 (), D<w <, 0

20e Oy (r) = (%, —%) — apurc Mouku nepecevenus Tapaxmepucmuky, 8ulro0AuLet U3 Mmowky

(z, 0) € AgA, ¢ zapaxmepucmuroii AgC; g—z — NMPOU3BOOHAA NO HANPABAEHUIO SHYMPEHHET

nopmaau n k zapaxkmepucmure AgC; ¢1 (x), ¢o () — 3adannwe na [0, r] dynryuu.
CrpaBeyinBa Cjie Iy omnast

Teopema. [Tycmo zadarmnvie gynryuu ¢1(x), ¢o () u f(x, y) makxoswl, wmo
o1 (z), ¢ (x) € C{0, 7] NC?J0, r[, f(z,y)eC"(Q).

Tozda 3adaua (2)—(4) Odas ypasnenus (1) umeem u npumom eOUHCMEEHHOE PE2YAAPHOE
6 obaacmu €} pewerue.
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HokazarenabcTBo. [lycrs cymecrsyer pemenue u (z, y) 3amgadu (2)—(4) ajs ypaBHeHUs
(1) u mycrb
u(z,0)=¢(x), 0<z<r, (5)

uy (x,0) =9 (z), 0<z<r. (6)
Ob6ee perterne ypasaerust (1) mpu y < 0 MOKHO BBIIICATH B BHE |13]
u(z, y)=g(@+y)+(@+y) g2(x—y)+gs(@—y)+

P ttos—t
S S —
+§/ /(m—i—y—s)f( 5 g )dsdt, (7)
0 0

rae gy, k = 1,3 — mpousBo/bible (GDYHKINE CBOUX apTyMeHTOB.
Yrosyersopssi (7) 3ajanubiM KpaeBbiM yeiaoBusiM (3)—(5), naxoaum dyukuuu g, k = 1, 3:

V2

2

1 [ s+t s—t
0 0

2 (@) = Lor (@)= 51.0).

93 (z) = ¢1(x) — 9:(0).

[loncrapnsas Haiigennbie GyHKImn g, k = 1,3, uz (7) naxomum pemenue 3agaun (3)—(5) ms
ypasuenus (1) npu y < 0 B Buje

g1 (x) = ¢ () w2 () + x4, (0) = é1 (2) + 91 (0) =

u(z, y)Zw(x+y)+§(x+y)[¢z(x—y)—¢2(x+y>]+

r+y Tty

tonta=g)-orn-g [ [er-0r (S aa @

I3 (8) ¢ yuerom ycosus (6), moaydaem dyHIaMeHTAILHOE COOTHONICHAE MK Ty (DyHKITH-
ami ¢ (x) u ¢ (v), npuHecenHoe U3 obsactu {2~ Ha yuHmo Yy = 0 B BUIe

' () = (x) + F(x), (9)

rIe

F(x)=ﬂx¢;<x>+2¢a<x>+§]<x—s>f(ng;S;x)ds.

3 ypaBhenus (1) B MOJIOKATEJNBHON dacT 00JIACTH Tepexojist K mpejeny npu y — +0,
¢ yuerom obosnadenuii (5) u (6) Haxomum dyHIAMEHTATHEHOE COOTHOIIEHIE MeXK Ty (byHKITUSIMU

MATHEMATICS
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¢ (z) n ¢ (z), npurecennoe n3 obsactu Q7 Ha gunmo y = 0 B BUJE

a 1 1
" (x) = —51//’ () + = (z) = =f (2,0), (10)
a a
a U3 KpaeBbIX yCJIOBUI (2) mosydyaeM CJIeyroliue yeJOBUs COrJIacOBaHUS
©(0)=0, ¢ (r)=0, (11)
Y (0) =0, ¢'(r)=0. (12)

N3 coornomenuit (9) u (10), uckirouas dyuxmo (), orHOCHTENbHO dyHKIUH ¥ (T)
HIPUXOIUM K cJterytoreMy 1uddepeHnnaabHOMy YPaBHEHIIO BTOPOTO IIOPSIKA C IIOCTOSHHBIMI
Ko durmenTamu

Lo () = w (@), (13)

0 (@) + S (@)

w(:z:):—%f(:z:, 0) - TF'(x).

Pemmenne 3agaan (12) g ypasuenne (13) cymiecTByeT U eJIMHCTBEHHO, ¥ BBIIACHIBACTCS 110
dopmyie

T

1 ) -~
V()= / (R E—9 _ -0T] y(e)det
1 2 ,
6k2x . ekm " brr—t) ba(r)
o ) R ey J e R (s, (14)
0
rie
I —a++va?+4b
12 = .

2b

[Ipu srom u3 (9) u nepsoro ycmosus u3 (11) HaxomuMm, 9T0

x

o(x) = / [ (€) + F(€)] de. (15)

0

[Tocnie Toro kak dyHkus ¢ (r) HaiijeHa, pellenne uccieayemMoii 3anaun npu y < 0 Bbl-
muceiBaercd 1o dopmyste (8), a mpu y > 0 perenne cMemmanioil kpaesoit 3agaqu (2), (5) ais
ypasrenusi (1) naxonurces B Buje [15]

r

u(z,y) = / G (. €,0) [p(€) — b ()] de + / / G (e,y:Em) f(6m) dnde,  (16)

0

rie dyukuus G (x,y; &, n) onpesensercs o hopmyJie

- () : (2n —1)\°
ZE , Y f 77 Z r 1 n blu 6 1+bun(y ) Sln( ,un:U) sin (,/unf)’ Up = (T)
n=1

MATEMATUKA
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13 (14) u (15) caenyer, 9To oJHOpO/AHAS 3aja4a Oyaer 06JaaTh TOJBKO HYJIEBBIM perle-

HueM @ (z) = ¢ (x) =0V € [0, r]. A 3naunt, u3 upejacrasiennii (8) u (16) 3akiodaem, 4To
OJIHOPOJIHASI 33/1a9a, COOTBETCTBYOIas 3a1a4e (2)—(4) mis ypasuenus (1) Oyier UMeTh TOJIBKO

TpuBnasbHoe pemenne u (z,y) =0V (z, y) € (), 9T0 TOBOPHUT O €IMHCTBEHHOCTH PETY/ISIPHOIO
pelleHns UCCaeyeMoil 3a1a4i.
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